We consider the backreaction of the vacuum polarization effect for a massive charged scalar field in the presence of a singular magnetic massless string on the background metric. Using semiclassical approach, we find the first-order (in units) metric modifications and the corresponding gravitational potential and deficit angle. It is shown that, in certain region of values of coupling constant and magnetic flux, the gravitational potential and deficit angle can be positive as well as negative over all distances from the string and can even change its sign. Unlike the case of massless scalar field, the gravitational corrections were found to have short-range behavior.
Introduction
Gauge theories with spontaneous symmetry breaking predict the emergence of cosmic objects with topology defect in the early Universe. Such objects can possibly survive at the present day (see the review by Vilenkin [1] and references therein). In topology defect points the spontaneous symmetry breaking principle, giving the mass for fields, is no more valid. So physical fields need some boundary conditions, that cause the vacuum polarization and appearance of non-zero vacuum expectation value of the energy momentum tensor of quantum fields like in Casimir effect [2] . Non-zero vacuum expectation value of the energy momentum tensor in one's turn serves as a source of gravitation [3, 4] and can take part in cosmological models of the Universe taking into account vacuum quantum effects.
One of the topology defect manifestations, whose existence is not in contradiction with observable data [5] , is cosmic strings which are particularly interested both as possible "seed" for galaxy formation [6, 7] and as possible gravitational lens [8] . Space-time metric of the cosmic strings in empty Universe in the linearized approach were found by Vilenkin [8] and exactly in [9, 10] . In spite of large linear mass density of the string µ (∼ 10 22 g/cm) the space-time metric is not highly curved near the string and for a static, cylindrically symmetric cosmic string is conical and hence flat 1
with deficit angle △ϕ = 8πµ. But the vacuum polarization effect of quantum fields in the string background is considerably large near the string (see for example [11] ). So it can significantly modify space-time metric beside the string. The backreaction of the external field vacuum energy momentum tensor on space-time metric was first investigated by Hiscock [12] in linear perturbations within the semiclassical approach. If the cosmic string carries a magnetic flux, the vacuum polarization has also contribution from the Bohm-Aharonov interactions [13] . In this case, the vacuum expectation value of the energy momentum tensor of quantum fields was derived both for massless [14] and massive field (see e.g., [15] , [16] ), but backreaction of the vacuum polarization was analyzed in detail only for massless field [17] . In this respect, it seems to be of interest to carefully consider the case of massive quantum fields to see possible new features arising from the massiveness.
In this paper, we use the analytically obtained result [15] to explicitly investigate in the linear approximation the backreaction of the massive field on the space-time metric and physical consequences of one.
In Section 2 we generalize the linear approximation method [12] to the case of arbitrary field in the background of cosmic string. Using results of Section 2 and [15] , in Section 3 we analytically find expressions for the modified metric, Newtonian gravitation potential and deficit angle, that are analyzed in Sections 4, 5 in detail. Discussions of obtained results can be found in Concluding remarks, some mathematical aspects are placed in Appendix.
Perturbative approach
The exterior metric of a static, cylindrically symmetric cosmic string (with or without the magnetic flux Φ) is Eq.(1.1). This metric induces non-zero vacuum expectation values of the energy-momentum tensor T µ ν of a quantum field. We are interested in considering the backreaction of this energy-momentum tensor on a string's metric. To do this in a semiclassical approach, one has to solve the Einstein equations
As we pointed out in Introduction, such problem for the massless fields was first solved by Hiscock in [12] . In this Section, we follow [12] to obtain the result for any type of fields.
The general static, cylindrically symmetric and invariant under Lorentz boosts along the z-axis metric has the form
Corresponding components of the Einstein tensor are
3) 5) where prime means the derivative by r. If G µ ν = 0 in the exterior of a string, we have
To join interior and exterior solutions one have to put α = 1 − 4µ (see [9] for details) and we recover (1.1). Since T µ ν is small quantum correction, we can expand the solution of (2.1) about the background metric (2.6):
where ψ 0 and φ 0 are from (2.6), and φ 1 and ψ 1 are supposed to be the first order of smallness, same as T µ ν . In the first order approximation, Eq.(2.1) takes form 10) and the exterior metric (2.2) modifies to
Eqs.(2.9)-(2.10) that define φ 1 function are adjusted if T r r + r( T r r ) ′ = T ϕ ϕ which is just a r-component of the covariant conservation condition for the energy-momentum tensor (∇ µ T µ ν = 0). We propose it to be justified. Using substitution ψ ′ 1 = χ/r 2 , solution of Eqs.(2.8)-(2.9) can be easily found:
12)
Lower limits of integration defined so the φ 1 (r) and ψ 1 (r) to be vanishing at infinity 2 . In other words, we neglect the homogeneous solution of (2.8)-(2.10) as having no relation to our effect.
It is more convenient to introduce new radial coordinate ρ, which is the measure of proper distance from the string:
where we again chose the arbitrary constant so ρ and r to be equal at infinity. With the same accuracy up to linear terms
Using (2.14) and (2.15) we can rewrite the induced metric (2.11) in the form
The condition of validity of this result is the smallness of first order perturbation comparing to one:
Newtonian gravitational potential V is recovered from the g 00 component of the metric as g 00 = −(1 + 2V ), so it is φ 1 (ρ) in our case. Gravitational force acting at the probe particle with unit mass is
where we used (2.9). The length L of the circumference of constant ρ in (2.16) is
where
is a deficit angle.
Singular magnetic flux
In this Section we will consider the particular case of a massive charged scalar field in the background of a singular massless (µ = 0) and caring magnetic flux string. Vacuum expectation value of the induced energy-momentum tensor of a scalar field was computed in [15] :
where m is the mass of a scalar field, F is the fractional part (0 < F < 1) of the string's magnetic flux Φ (in the units of quantum flux 2π /e) and ξ is the coupling constant of the scalar field to the scalar curvature of the space-time (for details see [15] ). Using (3.2) and general relations (2.12), (2.18), one can obtain the following expressions for the gravitational force acting at a point particle of unit mass and for the gravitational potential:
The deficit angle (2.19) has the form (see Appendix):
and L ν (z) is the modified Struve function of order ν [18] . Asymptotics of (3.5) and (3.6) at small and large distances from the string could be easily computed using the asymptotical expressions for (3.1)-(3.3) given in [15] . For the gravitational potential one has
and for the deficit angle
where we use
Finally, the general expression (2.16) for the metric in our case (µ = 0) takes form:
where φ 1 (ρ) and △ϕ(ρ) are defined in Eqs.(3.5),(3.6). Analyzing Eqs.(3.5), (3.6) one can conclude that linear corrections to the metric has a symmetry F ↔ 1 − F like as components of the energy-momentum tensor (3.1)-(3.3).
Gravitational potential
Consider the expression for the gravitational potential (3.5). The function integrated over υ is product of K 1 (2mρυ) and W (υ), where
In the region υ ∈ [1, ∞) W (υ) is negative if ξ > 1/4 and once change the sign at υ = To clarify gravitational potential behavior in the region ξ < 1/4 one need to analyse sign of the asymptotical expressions (3.8) and (3.9). For ρ ≫ 1/m one can immediately get
For knowing sign of φ 1 (ρ) asymptotic at small distances (ρ ≪ 1/m) one has to analyse γ(F, ξ). Considering it as a function of F it is easy to see that γ(F, ξ) is negative for all values of F if ξ > 3/16, positive for all values of F if ξ ≤ 1/6 and its sign depends on F otherwise:
, where
Using above, one can conclude that there are three different types of gravitational potential behavior:
In this case, γ(F, ξ) < 0 at all F . So at small distances φ 1 (ρ) behaves as −1/ρ 2 and asymptotically approaches to zero from below at large ρ. As it can not intersect zero more than once, it can not intersect it at all. Analogous we conclude that it has not extremes. So, it is monotonic and attractive function at all distances.
In this range of parameters, γ(F, ξ) < 0 and gravitational potential is attractive at small distances, but since ξ < 1/4 it is repulsive at large ρ. So, with increasing ρ, φ 1 (ρ) increases as −1/ρ 2 at ρ ≪ 1/m, then at some ρ intersects zero, reaches its maximum value (at ρ ∼ 1/m according to numerical computation) and decreases to zero from above.
type c. ξ ∈ (−∞, 1/6] , F ∈ (0, 1)
In this case, γ(F, ξ) > 0 and this means that at small distances φ 1 (ρ) behaves as 1/ρ 2 .
Since it is the case of ξ < 1/4, then φ 1 (ρ) asymptotically approaches to zero from above at large distances. Analogously to the previous case we conclude that gravitational potential in this range of parameters is repulsive, droningly decreasing function.
Our argumentation fails if ξ = 1/4 or F = F p , F = 1 − F p , because in this case asymptotical expressions (3.8), (3.9) vanishes and we need the next terms of expansion. Frequently considered in the literature cases ξ = 0 (so called minimal coupling) and ξ = 1/6 (conformal coupling) belong to type c that corresponds to repulsion at all distances.
We plot φ 1 (ρ) (see Fig.1, Fig.2 ) to see general features of the gravitational potential behavior patently. Here variable mρ is along x-axis and dimensionless gravitational potential φ 1 (ρ)/m 2 is along y-axis. In the regions where type of the gravitational potential behavior does not depend on the magnetic flux F , the ξ−dependence of the gravitational potential is presented in Fig.1 . In the region where type of gravitational potential behavior is sensitive to the magnetic flux (ξ ∈ (1/6, 3/16)), we illustrate the gravitational potential as F function in Fig.2 .
The maximum amplitude of the local gravitational potential is at half-integer value of flux (F = 1/2). In the F -sensitive alternating-sign part of the region (1/6 < ξ < 3/16, F ∈ (0, F p ) ∪ (1 − F p , 1)), effect is increasing under going from zero flux to the border points F = F p .
Condition (2.17) of validity of our linear approximation is violated near the string. Using asymptotical expression (3.8) for the gravitational potential at small distances and recovering the dimension, one can rewrite the condition of validity in the form
where l p ∼ 10 −33 cm is Plank length. This is what we expected since, at Plank scales, the semiclassical approach (2.1) is violated, and we can not consider the gravitational field as a background of quantum processes. Finishing this Section it will be useful to note that since gravitational force (3.4) is a derivative of (3.5), the gravitational force behavior is similar to the behavior of gravitational potential.
Deficit angle
The middle distance behavior of the deficit angle (3.6) is not so clear as for the gravitational potential (3.5). So one can differentiate the deficit angle behavior at three types depending on the asymptotical behavior. Using (3.10)-(3.11)we obtain:
Deficit angle is positive at small and large distances. At small distances it behaves as 1/ρ 2 and exponentially decreases at ρ ≫ 1/m.
At distances ρ ≪ 1/m the deficit angle is positive and behaves as 1/ρ 2 , but at large distances it change its sign (at least once) and approaches to zero from below.
Deficit angle is negative at small and large distances.
Here we used notation
We plot △ϕ(ρ) (see Fig.3 , Fig.4 ) to see the general features of the deficit angle behavior evidently. Here variable mρ is along x-axis and the dimensionless deficit angle △ϕ(ρ)/m 2 is along y-axis. In the regions where type of the deficit angle behavior does not depend on the magnetic flux F , the ξ−dependence of the gravitational potential is presented in Fig.3 . In the region where type of the deficit angle behavior is sensitive to the magnetic flux (ξ ∈ (1/8, 1/6)), we illustrate the deficit angle as F function in Fig.4 .
The maximum amplitude of local deficit angle is at the half-integer value of the flux (F = 1/2) except the F -sensitive part of region (1/8 < ξ < 1/6) where if F ∈ (F d , 1 − F d ) the effect is minimal at F = 1/2 and take its maximum peak at the border points F = F d ; for the case F ∈ (0, F d ) ∪ (1 − F d , 1 ) the lines corresponding different values of F goes to negative infinity near the string and intersects under moving away from one.
Condition of validity of our result for the deficit angle coincides with (4.3) and, hence, do not lead to the new restrictions.
Concluding remarks
In the semiclassical approach, we computed the gravitational effect caused by the vacuum polarization of the massive charged scalar field in the background of a singular massless carrying magnetic flux cosmic string. Corrections (3.5), (3.6) to the metric components (3.14) depend periodically on the cosmic string flux (Φ) (i.e. depends on only its fractional value F ), has a symmetry F ↔ 1 − F and vanish at its integer value (Φ = n).
It turned out, that behavior of the gravitational potential can be divided at 3 types depending on F and coupling constant ξ. This three types are: attractive behavior over all distances, repulsive behavior 3 over all distances and alternating-sign behavior (gravitational potential is negative near the string but change its sign and becomes positive under moving away from it). The areas of F and ξ parameters for different types are pointed out in Section 4. Gravitational potential was found to be repulsive in the commonly considered cases of ξ = 0 and ξ = 1/6.
To see general features of gravitational potential behavior patently we plot φ 1 (ρ) (see Fig.1, Fig.2 ). Here variable mρ is along x-axis and dimensionless gravitational potential φ 1 (ρ)/m 2 is along y-axis. In the regions where type of the gravitational potential behavior does not depend on the magnetic flux F , the ξ−dependence of the gravitational potential is presented in Fig.1 . In the region where type of the gravitational potential behavior is sensitive to the magnetic flux (ξ ∈ (1/6, 3/16]), we illustrate the gravitational potential as F function in Fig.2 .
The behavior of the deficit angle can be also divided in 3 types. The areas of F and ξ parameters for different types are pointed out in Section 5. To see general features of the deficit angle behavior patently we plot △ϕ(ρ) (see Fig.3, Fig.4 ). Here variable mρ is again along x-axis and dimensionless deficit angle △ϕ(ρ)/m 2 is along y-axis. In the regions where type of the deficit angle behavior does not depend on the magnetic flux F , the ξ−dependence of the deficit angle is presented in Fig.3 . In the region where type of the deficit angle behavior is sensitive to magnetic flux (ξ ∈ [1/8, 1/6)), we plot the deficit angle as F function in Fig.4 .
It is interesting to note that regions of the different types of the gravitational potential and deficit angle behavior strictly speaking are different. From the classical point of view we could expect that for the attractive-type potentials deficit angle is positive and for repulsivetype potentials one is negative (positive deficit angle lead to the bending of light as like it attracts to the string and vice versa). This is a fact for the regions ξ > 1/4 (attractive-type potential and positive deficit angle) and ξ < 1/8 (repulsive-type potential and negative deficit angle). But at the region ξ ∈ (1/8, 1/4) our classical reasons fail. For example, if ξ = 1/6 (conformal coupling), the gravitational potential of a string is repulsive at all distances, while the deficit angle is alternating-sign.
Near a string the potential and deficit angle behaves as like the scalar field is massless and we recover the result of [17] (for the zero linear mass density of string). But in comparing with [17] 4 (see asymptotic expressions (3.8), (3.10)), the massiveness of field gives an essentially new type of behavior that allow gravitational potential and deficit angle change its sign under moving away from the string. One another difference is that the massless scalar field produces a long-range power decreasing potential (3.8) and deficit angle (3.10), while in our case it are short-range exponentially decreasing functions (3.9) and (3.11).
Condition of validity of semiclassical approximation (4.3) is violated near the string at Plank length. It should be noted that we considered simplified analytically solved case of massless (µ = 0) string with zero radius. For realistic string which radius is of the order of the Compton wavelength of the Higgs bosons involved in the phase transitions, the condition (4.3) is satisfied everywhere outside the string.
As was pointed in [17] , the contribution to the gravitational effect coming from the Aharonov-Bohm interaction dominates over one coming from the nonzero linear mass density µ of the string. So we can expect that our results will be not changed significantly with taking in to account µ. and Eqs.(A.5), (2.13) one can easily obtain: 
